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INTRODUCTION
Loblolly pine (Pinus taeda L.) is the most important commercial softwood species in the South and the most widely planted southern pine. Managers of loblolly pine plantations need accurate and complete predictions of tree component growth and yield by weight, as well as volume, to formulate flexible management policies and predict expected monetary returns for numerous product alternatives. There is a critical need for this information on cutover and prepared sites in the west gulf region.
Recently, a yield prediction system for thinned loblolly pine plantations in this region was published by Matney and Sullivan (1982) . However, this data base consisted only of old-field plantation study data. Other thinned loblolly pine plantation models (Daniels and Burkhart 1975 , Cao and others 1982 , Burkhart and Sprinz 1984 utilized either old-field or cutover land data, but those data were from the Southeast region of the United States. Only Coile and Schumacher (1964) used some cutover site data from the west Gulf region in the development of their yield equations.
A growth and yield prediction system is presented that provides both weight and volume yields of aboveground tree components by diameter classes for lo-to 45year-old thinned or unthinned loblolly pine plantations on cutover sites of the west gulf region. This system expands the earlier work of Feduccia and others (1979) and Strub and others (19811, providing accurate yield forecasts for cutover sites and serving as an interim guide for yields in site prepared plantations.
METHODS

Data
Study plots in unthinned and thinned loblolly pine plantations were established on cutover longleaf pine (Pinus palustris Mill.) forest land. In general, frequent wildfires burned the idle lands and prevented natural regeneration and hardwood brush invasion. On some areas, the predominant heavy grass rough was burned before planting; on others, it was not. The established plantations had good initial survival and minimum levels of insect, disease, or other problems.
Data for unthinned stands came from control plots located in thinning studies and from supplementary plots installed to include specific site, age, and initial planting density combinations not well represented in the existing studies. The unthinned plantation data came from 85 unthinned research plots and from 167 before-thinning measurements on thinned plantation research plots.
Thinned stand data came from four long-term studies located in central Louisiana. The thinning interval in all these studies was 5 years unless insufficient growth had occurred during that period. Figure 1 gives the geographic coverage, and tables 1 through 7 provide more detailed background information about the data and summarize the distribution of the observations. Of the 167 thinned stand plots, all were thinned from below except 12 plots that were row thinned.
Diameter growth of the residual trees after row thinning was not significantly different from diameter growth on the residual trees on comparable plots that were thinned from below during the time period covered by these data. Therefore, all the thinned stand data were combined and treated the same in this modeling effort.
The average height of dominant and codominant trees was obtained on each plot at each mesurement to determine site index. Diameter at breast height (d.b.h.) to the nearest 0.1 inch was measured for each tree on the plot. Additionally, individual volume sample trees were measured for total height, height to the base of the full live crown, and upper stem outside bark diameters. Where available, these trees were selected in proportion to the total number within the diameter class.
Trees removed in thinnings were selected and marked by the study leaders. In most cases, felling was done by loggers either employed or contracted by 
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Moment-Percentile Estimation Procedure
The three-parameter Weibull function (Bailey and Dell 1973) was selected as a model to describe the distribution of diameters. The probability density function is
where: a = location parameter, b = scale parameter, c = shape parameter, X = random variable representing d.b.h. in inches, and e = exponential function. The cumulative distribution function is
The ith noncentral moment of X is given by
and the pth percentile of x is
where X, is that diameter such that p percent of the trees in the stand are smaller, and In is the natural logarithm.
Rather than predict maximum likelihood or percentile estimates of the Weibull parameters as functions of stand characteristics (age, site index, trees per acre, and so forth) (Smalley and Bailey 1974 , Dell and others 1979 , Feduccia and others 1979 , Baldwin 1982 , Little 1983 ), a parameter recovery technique (Matney and Sullivan 1982 , Cao and others 1982 , Bailey and others 1981 ,1982 was chosen to obtain the scale and shape parameters and to directly estimate the location parameter. This system is based on prediction of two percentiles and the second moment of the distribution.
In selecting moments and/or percentiles to describe the distribution of diameters in a given stand, it is reasonable to choose values that locate the tails of the distribution and to utilize some measure of central tendency. The first percentile (X1), the ninety-third percentile (X9,), and the quadratic mean diameter (Xqmd, which is the square root of the second moment of the diameter distribution), or basal area (BA, which is a constant times the second moment of the diameter distribution times the number of trees per unit area in the stand) were chosen to be predicted.
The first percentile was selected because it was an estimate of the "a" Weibull parameter (the minimum diameter of the distribution). Although it is rather poorly predicted in practice, direct prediction of the minimum diameter was necessary in order to insure the natural progression of minimum stand diameter over time. The ninety-third percentile was chosen to tie down the upper tail of the diameter distribution (Zanakis 1979) . Finally, the quadratic mean diameter was selected as the measure of central tendency because it is commonly used in forestry, is directly related to BA, and can be accurately predicted.
Estimates of the Weibull parameters are obtained as follows:
1. The "a" parameter is set equal to k.X1. It was found k = 0.60 gives the best prediction from these data. 2. Equation (4) is solved for "b", given p = 93 and predicted values of X,, and a, which yields:
5 and this expression is substituted into the equation for E(X2). In its solved form it is (from equation (3) with i = 2) E(X2) = a2 + 2 abI(l/c + 1) + b2(2/c + 1).
The resulting expression is:
where I(=) = the gamma function evaluated at the point(m). 3. Equation (7) is set equal to zero and is solved by numerical techniques to obtain an estimate, c, of the shape parameter. 4. Finally, c is substituted back into equation (5) to obtain an estimate of the scale parameter b.
Thus with estimates of a, b, and c, the Weibull distribution of diameters in that stand can be completely described. This fundamental procedure is repeatedly utilized to describe diameter distributions in unthinned stands, residual stands after thinning, and thinned stands at any particular age desired by the user.
Growth and Yield Prediction System Options if only TP is known, or by
This prediction system allows a user to begin the process by: starting and ending with an unthinned stand, starting with an unthinned stand and ending with a stand thinned one or more times, or starting with a previously thinned stand and ending with a stand thinned one or more times.
Required input information when starting with an initially unthinned stand includes stand age from planting (A), average height of the dominant and codominant trees (HD), and surviving trees per acre (TS). If HD or TS is unknown, then site index (SD, basal area per acre (BA), or trees planted per acre (TP) are input variables that can be substituted for the required site and density measures. if only BA is known, where A, HD, and BA are initial age, initial average height of the dominants and codominants, and initial basal area per acre, respectively. Given this initial information, the current stand can be described as mentioned before. The stand diameter attributes Xi, Xqmd, and Xss are predicted as follows:
When starting with a previously thinned stand, the system requires A, HD, and TS. As in the unthinned case, an estimate of SI can be substituted for HD. Furthermore, if an estimate of TS is not known, it can be predicted by providing the stand age and the residual trees surviving (TS,) at the time of the last thinning. Figure 2 summarizes the prediction system process. 
PROCEDURES AND EQUATIONS
Yield Prediction in Unthinned Stands
If height of the dominant and codominant trees is not available as an input, it is predicted using a given site index function. This system of equations was constrained to insure that Xi 5 Xqmd 5 Xg3. The constraining was accomplished in this case by using the same model form and predictor variables for each equation. It was insisted that during the fitting process comparable coefficients in equation (11) were always 5 the comparable coefficients in equation (12) and that comparable coefficients in equation (13) were always 2 the comparable coefficients in equation (12). With estimates of Xi, X qmd, and x93, the Weibull parameters can then be estimated.
Predictions of future stand attributes and, hence future stand table information in unthinned stands, are accomplished first by projecting TS from Ai to A2 using the following equation: where: TSi, TSs = number of trees surviving per acre at times Al and A,, respectively. Equation (8) is then employed to obtain an estimate HD2 at A2, and then these predictions of HD,, TS2, and Aa are substituted for HD, TS, and A in equations (11) - (13) to obtain the new predictions of Xl, Xqmd, and X9, at A2.
Figures 4 through 7 give examples of the behavior of these functions over time for selected site index and initial density values.
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The residual stand after thinning is determined by prediction of "thinned" values of Xl, Xqm& X9,, TS, and BA, followed by recovery of the new Weibull parameters, as already explained.
Many types of thinning could easily have been modeled and built into the prediction system. However, since these data represent stands essentially thinned from below, only that thinning option was included in this yield prediction system.
The low thinning in the study plots was not strictly a process of removing only the suppressed and intermediate trees until the desired leave-tree basal area per acre was obtained. Spacing, stand uniformity, and stand vigor were also factors of equal weight. In some cases, especially during the first thinning, codominants or even dominants were removed if they were deformed or diseased, or if large "holes" would have otherwise been left in the stand.
Graphical examination of the diameter distributions before and after thinning showed the most change occurred in both shape and location after the first thinning, the next greatest after the second thinning, and so forth. It was determined that the data, at least for thinnings beyond the second, should be combined. In some cases, the data beyond the first thinning should be combined. The attribute (Xi, X,,& X9,) equations for these groups were tested using an analysis of covariance procedure (Freese 1964 , Milliken 1982 ) to see if there was some statistical, as well as visual, justification for combining or separating some or all of the equations. The tests Input information is typically based on unthinned stand attributes that have been provided by the user or predicted from appropriate equations given in the previous section. The target density for each thinning may be in terms of residual stand basal area per acre or residual trees per acre. Equations 15 through 17 and 19 through 21, which follow, are based on an assumed residual BA target. If a residual TS target is chosen, either equation 18 or 22 is utilized to predict BA following the thinning. This value is then used in the previously mentioned equations as if it were the target BA. The b and a subscripts in the following equations reference before and after thinning conditions; otherwise the definitions for the variables are as before: In those cases where the residual density is specified as basal area per acre, the number of residual trees after thinning is obtained directly from the relationship
where Xqmd a , is predicted using equation (16) 
Thinned Stand Predictions
Equations in the thinned stand section of the yield system take either predicted or user supplied afterthinning stand information at age A, and project these values into the future to time A, to provide stand table predictions at the new age. The same stand diameter and height attributes as used elsewhere are also predicted here, and these values are used to obtain Weibull parameters for description of the new stand.
The equations for prediction of diameters at a second age in thinned stands are In figures 8 through 10, the behavior of these functions is illustrated for one site index value assuming some common post-first thinning densities and no further thinning.
It must be noted here that equations 24, 25, and 26 are not time invariant. In other words, given an ordered time sequence ti, t,, t3, predictions for values of the variables at time t3 based on initial values at time t, (t,-+t,) will not be exactly the same as those at time t, that were projected from those at time t2, which were based on those at time ti (tl-+t2+t3). Time invariant equations, which are desirable, were developed and tried, but the precision of predictions from the equations presently given, when used in conjunction with equation 27, was much better than the precision of the predictions from the time invariant set of equations.
Nevertheless, this improved precision can be lost if the projection interval length differs much from 5 years, the data measurement interval length. Therefore, to achieve the most reliable and consistent pre- dictions with this system of equations, after-thinning growth projection intervals should be in multiples of 5 years with the final projection, if required, done over the remaining years.
Volume and Weight Prediction
Stand tables are generated at any age by apportioning the total number of trees surviving into l-inch diameter classes according to the predicted Weibull distribution for that age. The average total height of all trees within a diameter class is predicted with the following equations h., in inches, represented by the midpoint of a diameter class. Given the mean height and midpoint of the diameter class for all the predicted numbers of trees, the following measurements are calculated for each average tree: cubic foot volume, green weight, or oven-dry weight of the total stem or stem to a merchantable top diameter limit, either inside or outside bark. This quantity is then multiplied by the predicted number of trees per acre in that diameter class to obtain the volume or weight per acre for each diameter class. 5Equations 28 and 29 are presented in arithmetic form with FI and SE in arithmetic units although the equations were fitted in logarithmic form!, This procedure requires predictions of i.b. diameters at various log heights and also the prediction of height to the B-inch (o.b.) top diameter, of each average tree in each diameter class L 10 inches. Our stem taper data were fitted to the Max and Burkhart (1976) model in order to provide equations for these predictions. The model is presented below and the parameter coefficients and supporting statistics (Baldwin and Feduccia 1987) are given in table 8: d2 -= b,(X -1) + b2(X2 -1) + bJa, -Xj211 D2
where:
at which diameter is to be determined (%H), H = tree total height (feet), ai = join points estimated from the data and bi = coefficients estimated from the data.
There are separate equations for height or diameter prediction of trees from unthinned stands (or trees from stands thinned less than 5 years previously) and for trees from stands thinned 5 or more years earlier.
The volume and weight model selected was that of Schumacher and Hall (1933) . It is
where bi, bat bs are coefficients to be estimated from the data, and Y represents either cubic-foot volume, green weight, or dry weight of appropriately defined tree components. As explained in and Baldwin and Feduccia (19871, this model was best when fitted separately to cubic-foot volume stem data from thinned stands and from unthinned stands. It also worked well when utilized to develop equations to fit both weight and volume of various crown components with unthinned and thinned stand tree data combined. However, an age variable, A2, was added to provide more precise predictions of total stem green and dry weight from combined thinned and unthinned stand data.
Therefore, combined data from both thinned and unthinned plantations were fitted to Schumacher and Hall's model to predict the following yield components:
(1) cubic-foot volume, green weight, and oven-dry weight of branch wood and branch bark, and (2) green and dry weight of the foliage. Combined data were also fitted to this model, with the age variable added, to predict green-weight and oven-dry weight of the main stem. To precisely predict cubic-foot volume (o.b. and i.b.) of the main stem, separate equations using the Schumacher and Hall model were developed from the thinned stand data and from the unthinned stand data. Coefficients for all of these equations and accompanying fit statistics are found in tables 9 through 11. (32) R = predicted ratio of merchantable to total volume (cubic feet) or weight (green or dry weight in pounds), bi, b2, b3 = coefficients estimated from the data. The coefficients, from and Baldwin and Feduccia (19871, are given in table 12.
Testing
To avoid unneccessarily weakening the development data set, a subset of the development data was not withheld for testing purposes; instead it was decided to later validate against truly independent data sets. However, to make sure the combined system of equations behaved well. as a unit, the completed growth and yield predictions system was tested against the data used to develop it. The tests verified that predicted values were close to those observed.
The prediction phases tested were: initial prediction in an unthinned stand, growth prediction in an unthinned stand, residual stand after thinning, and growth prediction in a thinned stand. In each case 
where: Y = predicted stem volume (cubic feet) from a 6-in stump to the stem tip, D = diameter outside bark (inches) at 4.5 feet, H = total tree height (feet), and br, b2, ba = coefficients estimated from the data. where: W = predicted stem volume (pounds) from a 6-in stump to the stem tip, D = diameter outside bark (inches) at 4.5 feet, H = total tree height (feet), A = age from planting, and b;, b2, ba, b4 = coefficients estimated from the data. 2TGWob = total stem green weight outside bark. TGWib = total stem green weight inside bark. TDWob = total stem dry weight outside bark. TDWib = total stem dry weight inside bark. 
In(W) = bo + brln(D) + b&(H)
where: W = predicted weight (pounds) of crown component, D = diameter outside bark (inches) at 4.5 feet, H = total tree height (feet), and bo, br, b2 = coefficients estimated from the data. predicted values of stand and yield table variables were compared with their respective observed values. Mean predicted, mean observed, correlation coefficient, mean difference, and mean percent difference statistics were calculated. Results of these tests are found in tables 13 through 17. Note that with the general exception of the two lowest percentiles (Xi and Xi,), which are highly variable, nearly all the other stand and yield table variables were predicted within +-5 percent of the observed values.
These statistics, along with the Fit Index and Standard Error of the estimate statistics presented for each separate prediction equation within the system, indicate that the entire system accurately predicts growth and yield within the stands from which it was developed. This system should provide good results when used to make predictions in similar loblolly pine plantations.
Validation of the unthinned stand prediction system is in process, and a later publication will report these results and any necessary system updates if required. Validation of the thinned stand system will be accomplished as soon as an independent data set is available.
DISCUSSION AND RESULTS
Trends
Prediction trends for unthinned plantations and thinned plantations and some comparisons of results between those two management alternatives are noted. In most cases, 700 trees per acre planted (about 'Mean predicted value = p = C P(n 2Mean observed value = G = B Oi/n B-by B-ft spacing) was assumed on lands of site index (base age 25) of 50 and 70 feet. After prediction of initial stand conditions at age 10, projections were made over 2 or 3 year intervals to age 40 for unthinned stand examples or to age 50 for thinned stand examples. In the thinned stand examples, the site 70 plantation was thinned back to 80 square feet of basal area at ages 15, 22,30, and 40 years. Thinning of the site 50 plantation was delayed until age 22, when it was thinned the same as the higher site plantation.
I
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Unthinned Plantation
Survival.-On both sites the survival decreased less with increasing age (fig. 11 ). In the early years, survival was highest on the higher site. However, because of intensified competition on the better site, at about age 17 survival became better on the poorer site. The latter relationship remained for the growth period.
Mean Diameter.-The average gain in mean diameter for the site index 70 plantation over the site index 50 plantation was 2.04 inches by age 40 (fig. 12) .
Basal Area .-Basal area of all trees increased with increasing site index ( fig. 13 ) but increased more 18 rapidly on the high site. Basal area culminated by age 40 in the site index 70 plantation but had not culminated in the site index 50 planations.
Total Stem Volume Yield.-Total stem cubic-foot (o.b.) yields did not culminate before age 40 on either site, but the high-site volume was on average 2,855 cubic feet per acre more than on the low site ( fig. 14) .
Mean and Periodic Annual Increment. -Total stem cubic-foot (0.b.) volume mean annual increment (MAI) culminated at about age 24 in the site index 70 plantation and at about age 27 in the site index 50 plantation. The higher site stands peak MA1 was about 125 cubic feet per acre per year greater than the peak MA1 in the lower site stand ( fig. 15) .
Thinned Plantation
Survival. -In this example, the stand was thinned before the survival crossover occurred, as mentioned in the previous section. After both stands were thinned at least once, there were about 155 fewer trees per acre in the higher site stand than in the lower site stand. This relationship persisted through age 50, but the magnitude of the difference decreased over time because the rate of survival was better on the high site ( fig. 16 ). Notice that in the site index 70 plantation after the first thinning and in the site index 50 plantation after the second thinning mortality had nearly stabilized. Mean Stand Diameter.-Quadratic mean diameter averaged 2.98 inches higher on the high site than on the low site. The difference was smaller in the early years but consistently increased over time ( fig. 17) . Since the thinning technique was a modified low thinning, as explained earlier, the average diameter increased with each thinning. The larger increases occurred in the latter thinnings, because spacing and stand clean-up would have then essentially been achieved, and a more accurate low thinning would be practiced.
Basal Area .-After each stand had been thinned at least once, basal area growth was only slightly higher in the high-site stand than in the low-site stand ( fig.  18 ). This result was unexpected but not inconsistent with our data. The fewer larger trees did not greatly compensate in basal area for the greater number of smaller trees in the lower site index stand. There was essentially no statistical relationship between site index and basal area growth after a stand had been thinned. The linear correlation between these variables was only r = 0.046.
Total Stem Volume Yield.-Total cubic foot (o.b.1 standing volume was always higher in the higher site plantation than in the lower site plantation ( fig. 19 ). This was true even after all thinnings. Not only was there 1,060 cubic feet per acre more total volume on the high site at age 50, but here was 2,571cubic feet per acre more volume removed through all of the thinnings in the higher site plantation.
UNTHINNED, THINNED PLANTATION COMPARISON
In the unthinned plantation (site index 701, the age 40 survival was 236 trees per acre as compared to 103 trees per acre (before the final thinning) in the thinned plantation at that age. The unthinned plantation had almost double the total volume of the thinned plantation-7,745 cubic feet per acre as compared to 4,278. However, the average diameter of the trees in the thinned plantation (at age 40) was about 2 inches greater than those in the unthinned plantation. If one considers the cumulative total volume removed in the first three thinnings, the total volume either used or available for use before thinning at age 40 in the high site stand was 3,627 + 4,278 = 7,905 cubic feet per acre. This is about 160 cubic feet per acre more volume than in the site index 70 unthinned stand at age 40.
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An Example
To illustrate the application and utility of the prediction system, a relatively simple but realistic example should be considered. Given an existing unthinned loblolly pine plantation that is presently 15 years old, an inventory of the stand reveals there are 500 surviving trees per acre, and the average height of the dominant and codominant trees is 45 feet. The user desires full stand and stock table volume output to describe the present stand. He then wants to thin the stand back to a residual basal area per acre of 70 square feet, see what the stand looks like after the thinning, and obtain a projection of what the thinned stand will look like 5 years later. Stand and stock table volume output is desired after the thinning and at the end of the projection period. Also, a table completely summarizing the timber removed during the thinning is requested. Board-foot volume using the International l/kinch rule is chosen. Furthermore, the same stand and stock table information in terms of green weight is requested. A merchantable top diameter of 4 inches is selected for all the output.
The following scenario demonstrates how this system obtains the desired information.
Since HD = 45 feet is given, equation (8) is solved for SI obtaining 61 feet.
Equations (ll), (121, and (13) are solved next giving Xi = 2.9 inches, Xqmd = 6.4 inches, and Xs, = 8.4 inches.
This information is then used in equations (51, (61, and (71, following the procedure explained on p. 5, 6. This produces Weibull parameter estimates of a = 1.718, b = 5.010 and c = 3.357.
Given the Weibull parameters and TS, equation (2) is used to distribute TS into l-inch diameter classes. Now assuming each diameter class represents the midpoint diameter (i.e., the quadratic mean diameter) for that class, equation 23, rearranged to estimate BA, is invoked within each class to obtain BA for each of those diameter classes.
The average height of the trees within each class is obtained from equation (28) in this case.
Given all of this information, equations (301, (31), and (321, with appropriate coefficients from tables 8 through 10, are used to obtain cubic-foot volume, board-foot volume, and green-weight estimates within each diameter class.
Finally, the stand totals for each output category are obtained by summation. Figures 20 and 21 are outputs from a computer program, COMPUTE P-LOB (Ferguson and Baldwin 19871 , which performed the calculations for this procedure. The tables describe the initial stand before thinning. Note that due to rounding of fractional to whole numbers, some columns of figures do not add to the totals indicated in the output tables.
Next, the stand is thinned. This is accomplished by 15,22, 30 and 40. taking the values of X1, Xqmd, Xss, TS, and BA, which are now defined as Xi,,, Xqmd,b, TSb, and BAb, and placing them into equations (15), (16), (171, and (23) to obtain X, a = 3.4 inches, Xqmd,a = 6.6 inches, X 93,a = 8.6 'inches, TS, = 293 trees per acre, and BA, = 70 square foot per acre (the given target basal area). Then equations (51, (61, and (7) are solved again to obtain new Weibull parameter estimates of a = 2.057, b = 4.897, and c = 3.363. Finally, the stand and stock tables (figs. 22, 23) are generated in the same manner as explained previously. The desired tables to summarize the volume and green weight of the trees removed in the thinning (figs. 24, 25) --------------_---------------------------------- ---------------------------------------------------------- 47.
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